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Abstract Based on the configuration-space generating functional of the Green functions for
the gauge-invariant system in higher-order derivatives theories, the equations of the trans-
formation properties at the quantum level have been derived. It follows that the sufficient
conditions are found which implies that there exists the conservation laws and the expres-
sions of the quantal conserved laws are also given. Applying the results to the non-Abelian
Chern-Simons higher-order derivatives theories, the quantal BRST conserved charge and
other conserved charges are found, the transformation properties of the conformal trans-
formation at the quantum level is discussed, the quantal conserved angular momentum is
derived, it is pointed out that fractional spin in this system may be also preserved in quan-
tum theories. But the connection between the symmetries and conservation laws in classical
theories are not always preserved in quantum theories.

Keywords Gauge field - Higher-order derivatives theories - Symmetries and conservation
laws - Chern-Simons theories

1 Introduction

Symmetry is now a basic concept in modern field theories, the connection between global
symmetry and conservation law is usually referred to as first Noether theorem in classi-
cal theory. The classical second Noether theorem refers to a local symmetry of a system
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which implies that there exist some differential identities (Noether identities). Noether iden-
tity corresponds to the Ward identity in quantum theory. As is well known, classical Noether
theorems and Ward identities are usually formulated in terms of Lagrange’s variables in con-
figuration space. The dynamical system can also be described in phase space. The canonical
formalism for a system with a singular Lagrangian is characterized by the presence of certain
constraints among the canonical variables (constrained Hamiltonian system) [1, 2], such as
Gauss constraints in electromagnetic field and Yang-Mills field, Virasor conditions in string
theories etc. A system with a gauge-invariant (local invariance) Lagrangian is subject to
some inherent phase-space constraints, which is a constrained Hamiltonian system.

A system with a gauge-invariant Lagrangian is a constrained Hamiltonian system. Re-
cently the global/local canonical symmetries for a system with a regular/singular La-
grangian in classical/quantum theory have been studied. The classical canonical Noether
theorems/Neother identities and Poincaré-Cartan integral invariant are established [3—6], the
canonical ward identities [7-9], the quantum canonical Noether theorem [10-15] /Noether
identities [16] and Poincaré-Cartan integral invariant [17] in quantum theories are also for-
mulated and some applications are given.

The quantization of those system can be formulated with aid of the Dirac formalism
of the constrained Hamiltonian system [1] and the method of path integral in phase space
[18, 19]. However, for a gauge-invariant system one can conveniently use the FP (Faddeev-
Popov) trick to formulate its path integral quantization in configuration space. The phase-
space path integrals are more fundamental than configuration-space path integral. In certain
case (for example, Yang-Mills theory), according to the path integral quantization of con-
strained Hamiltonian system (Senjanovic scheme /Batalin-Fradkin-Vilkovisky scheme), one
can carry out explicit integration over momenta in the phase-space path integral which can
be converted to the same results obtained by using the FP trick [19], this trick is a sim-
ple and more useful method to give the quantization for the gauge fields, thus, so one can
conveniently study the quantum symmetry of the gauge system in configuration space.

The global symmetry yields conservation law, all of those considerations in that case are
based on the invariance of an action of the system under the global transformation both in
classical and quantum case. Now let us consider a more general case in which the action of
the gauge-invariant (local invariance) system is variant under the global transformation in
configuration space, we shall further study the transformation properties of such a system at
the quantum level, the preliminary studies was performed for a system with a finite number
of degrees of freedom in the previous works [20]. As is well known, in classical theories,
those equations of transformation properties corresponding the spatial translation yields the
momentum theorem and spatial rotation yields the moment of momentum theorem etc re-
spectively [21, 22]. Some results hold true in quantum mechanics for a system with a finite
number of degrees of freedom [20]. In this paper we discuss the quantal transformation
properties of a gauge-invariant system with a higher-order Lagrangian in field theories and
give some applications. Dynamical system described in terms of higher-order Lagrangian
has close relation with the gravity theory, modified KdV equations, supersymmetry, string
model and other problems [4]. The use of higher-order derivative terms in the Lagrangian
allows us to improve the behavior of the correspondent propagators at large momentum,
rendering the theory less divergent, it has attracted much attention recently.

The paper is organized as follows. In Sect. 2, based on the configuration-space generat-
ing functional of the Green functions obtained by using the FP trick for a gauge-invariant
system with a higher-order Lagrangian in field theories, consider an action of this system is
variant under the global transformation in configuration space, the equations of the transfor-
mation properties at the quantum level have been formulated for this gauge-invariant system.
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From those quantal equations of the transformation properties, the sufficient condition are
obtained to show that there exist some conservation laws at the quantum level and the ex-
pressions of those quantal conservation laws are also given for such a system. In Sect. 3, we
give some applications of the results to the non-Abelian CS (Chern-Simons) theories with
higher-order Lagrangian, the quantal BRST (Becchi-Rouet-Stora-Tyutin) conserved charge
is found for this system and another quantal conserved charge is also obtained by using
quantal second Noether theorem [16, 23]. The transformation properties of the conformal
transformation of this system at the quantum level have been studied, the quantal conserved
generalized moment of momentum is derived, in which one needs to take into account the
contribution of angular momentum of ghost fields. It is pointed out that the property of frac-
tional spin is preserved at the quantum level in higher-order derivatives CS theories. But
the connection between the symmetries and conservation laws in classical theories are not
always preserved in quantum theories. Section 4 is devoted to conclusions and discussions.

2 The Properties of the Transformation at the Quantum Level
Let us consider a gauge-invariant field described by r field variables ¢ (x) (¢ = 1,2, ..., n),

x = (x0,x;) (xo=t, i =1,2,3) and the motion of the field defined by a Lagrangian involv-
ing higher-order derivatives in the form of a functional

L=L[gY. 0. - 9] =/ L@ @ 9% )X (1a)
v
where
o o d o o
Poy =9 > ‘P(1)—D‘P —E‘P =9, s
5 (1b)
% w= aﬂ-(pa = i))c—ﬂ(pa’ 5 wflu(m = au 0y (/)Dt-

For this gauge system the configuration—space generating functional of the Green function
can be found by using the FP trick through a transformation of path integral [24]

Z[J]Z/D¢“€XP{i/d4X(ﬁeff+ Ja¢>“)} (2a)

where
Leg =L+ Li+ Ly (2b)

and £ is a gauge-invariant Lagrangian density, £; is determined by the gauge conditions
and Ly, is a ghost term, ¢“ represent all field variables (including the ghost fields) and J,
represent the exterior sources.

Now we study the quantal transformation properties of the system under the global trans-
formation. It is supposed that the variation of the effective action /. = f d*x L5 under the
global transformation

’
xt :x”—l—Sx“:x"—l—e(,r’”(x,...,q)‘;(m),‘..),

PU () = ¢ (x) + AP (x) = ¢ (x) + 8,57 (x, ..., % )

u(m) >

3

@ Springer



2288 Int J Theor Phys (2008) 47: 2285-2296

is given by

St [ A3, W7 (.8 o 8, )+ RO g ] @
where ¢, (0 =1,...,r) are infinitesimal arbitrary parameters, 7/, £°, W*? and R° are
some functions. Now we localized the global transformation (3) and consider the following
local transformation connected with the global transformation (3)

x“/=x“+Ax“=x“+sa(x)r”"(x,...,¢” L)),

u(m)” "

P () = ¢ (x) + AP (x) = ¢ (x) + £, (XD)E (x, ..., 4% ,..)

L (m) ’e

(6))

where &, (x) are infinitesimal arbitrary functions and their values and derivatives vanish on
the boundary of the space-time domain. Under the transformation (5) the variation of the
effective action is given by [19]

Al = fd“xg ()] 22t a0 _ g uo
eff — o 8¢a L

N—1 pv(n)
+ 3 |:£efff’w I G ¢,a,,fpa):| }

n=0 a

N—1pv(n)
+ / d4x: |:£efffua + Z l_[ 3v(n)(saa - ¢f1p7:pa):|8uga (x)] (6)

n=0 a
where
N
ea = Z(_l) al‘v(m)‘cge(ff)’ (7a)
8¢ m=0
1 0 Letr
L =— =, (7b)
a ‘ a
m: all permutation 8¢«M(m)

of indices p(m)

v (m) N—(m+1)

[1= > Dagciy®. (7c)
a =0

Since the variation of an effective action under the global transformation (3) is given by (4).
Substituting (4) into (6) and in according with the boundary conditions of &, (x), then the
expression (6) can be written as

N—1 pv(n)
Alb = / d4xe(,(x){8,L |:W‘“’ — Legt” =Y T i & - ¢f’ptp”)j| +R° } 8)
n=0 a

Let us suppose that the Jacobian of the transformation (5) is J_[qb“, R fﬂ(m), .. 8%],
the invariance of the generating functional (2a) under the transformation (5) implies that
8Z /8¢y (x) = 0. Substituting (5) and (8) into (2a) and functionally differentiating it with
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respect to &, (x), one obtains

N—1 pv(n)
/qu“ [aﬂ |:W“" — L™ =Y [ ] d G — ¢f’prp“):| + R+ J§ + M"]
n=0 a
X exp{ileff+i/d4xja¢“} =0 )
where
J§ = —i8J /884 (x)|e, v)=0- (10a)
M7 = J (67 — ¢, 7). (10b)

Functionally differentiating (9) with respect to J,(x) a total of n times, one obtains

N—1 pv(n)
/ Dy* ({au [WW — Lt =Y [ 06 = ¢,‘;rp">} +R7+ U5+ M”}

n=0 a

X G )l () =i Y @) ¢ () - () NOB(x —x,))
J
xexp{ileff+i/d4xja¢>“}20 (11
where
NH(T :Saﬁ _¢,HMTMG- (lla)

Let J, =01in (11), one gets

N—1pv(n)
(0|T*<{aﬂ |:W’“’ — Lt =Y [ doew ™ - ¢>f;,rpf’)] + R+ Jg}

n=0 a

X ¢ (x1) - 7 ()
—i Y ¢ ()¢ (o) (xj) - ¢ (NS (x — x_,-)) 0)=0 (12
J
where 7™ stands for the covariantized 7 product [25]. Fixing ¢ and letting

f, ooy g = +00, Bt ds Tkg2s o oo s B —> —O0

and using the reduction formula [25], one can write expression (12) as

n=0 a

N—1pv(n)
<0utv k| :au |:WHG - Eefftﬂa - Z l—[ au(n)(%-ag - ¢flprpg):| + R° + J(;T}

x |n —k,in) = 0. (13)
Since k, n are arbitrary, one obtains

3,j"° + R® + J§ =0, (14a)
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N—1pv(n)

JH =W — Logth — Z l_[ B (597 — ¢5,777). (14b)
n=0 a

Thus, we obtain the general equations (14) of transformation properties at the quantum level
for a gauge-invariant higher-order derivatives system with a non-invariance effective action
and a change of integral measure under the global transformation (3) in configuration space.
We take the integral of (14a) on the 3-dimensional space domain, if we assume that the fields
have a configuration, which vanishes rapidly at spatial infinity, then using the Gauss theory,
we obtain

N—10v(n)

D/ dx [ﬁeﬂ-ro" +Y [t @& =9 - WO":| = / dEx(R74J$).  (15)
Vv Vv

n=0 a

Consequently, we obtain the following theorem: If an effective Lagrangian (2b) is invariant
up to a 4-dimensional divergence term under the global transformation (3), i.e. R =0 in
expression (14a), and the Jacobian of the corresponding transformation (5) is independent
of £, (x), thus, J§ =0, then there are some conserved quantities at the quantum level for a
gauge-invariant system with a higher-order Lagrangian in field theories.

N—10v(n)
Qa :/ d3x |:£eff7:00 + Z l_[ av(n)(é_.ao _ ¢.ap.rpa) _ W00i|
Vv

n=0 a

(c=1,2,...,r). (16)

This results can be called quantal first Noether theorem for a gauge-invariant system with
a higher-order Lagrangian. It shows that the classical relation of global symmetries to the
conservation laws are not always hold true in quantum theories if the integral measure is
variant (Jgj # 0) under the global transformation (3). When we take the change of integral
measure into account, for a system which effective action is not invariant under the global
transformation (3), there may also have some conserved quantities at the quantum level if
the conditions R 4 J§ = 0 are satisfied, but, in general, there are no corresponding classical
conserved quantities in this case.

3 Higher-Derivatives Non-Abelian CS Theories

Numerous recent investigations of (2 + 1)-dimensional gauge theories with CS (Chern-
Simons) terms in the Lagrangian have revealed the occurrence of fractional spin and sta-
tistics [11, 26]. It has important sense to explain the quantum Hall effect and high-7¢ super-
conductivity. Theoretical understanding of them has been gained in context of both quan-
tum mechanics and field theory. So far, development in the direction of field theory has
not progressed as for as that of the quantum mechanics. A few work was investigated for
1st order—derivatives non-Abelian CS theories [26]. Now we shall further study the quantal
symmetries and fractional spin in higher-derivatives non-Abelian CS theories.

Let us consider the (2 + 1)-dimensional non-Abelian CS gauge field A, coupled to the
matter field v, whose Lagrangian is given by [27]

C2

L
4

4w
+iyy D,y (17a)

a a 1 a ra K a pa 1 abc qa oAb gc
D,Fo D/ F" — —F% Faw 4 ESMW<3MAUAP +3f AHAUAP>
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where

Fi, = 0,A% — 0,A% + f.Al AS (17b)

nv

and D, stands for covariant derivatives, and f;,. are structure constants of the gauge group.
The gauge invariance of non-Abelian CS term requires the quantization of the dimensionless
constant k, k = ;= (n € Z). Dirac y-matrices are yo=03 y'=ic!, and y> =ic? (0's
are the Pauli matrices). We adopt the FP trick to give the quantization of this system in
configuration space. Let us consider following gauge conditions

9" AL = ). (18)

where the functions A are independent of Aj (x), using the FP trick are can formulate the
generating functional for this system in configuration space as [19]

Z[J,7,n] = /DA;DJ/Dw det M;.8(0" A, — 1)
x exp[i/d3x(z+J;*Az+&n+ﬁw)] (19a)
where M, = [M{®], and
M{P = (80,0 — fLAS0M)8 (x — y). (19b)
According to the integral properties of the Grassmann variables C.(x) and C,,(y), one has
detM, = f DC,(x)DCy(y) exp [i / d*xd*yC, (x)Mzbc,,(y)]. (20)
Multiplying (19a) by the following factor

exp!i/aﬁx |:)LQB" + %(B")z] }

where B¢ are auxiliary scalar fields, o is a parameter, and then taking the path integral of
the result with respect to A“ and B“, one gets

20,7, 8, 6] = / DAYDY DYDE,DC,DB"

x exp{i fd%c[ﬁeff +JSAS Y+ Y +ECa+ éasal} 1)

where L is an effective Lagrangian density
Low= L+ B"9" A}, + Z(B") = 9"C, D}, Ci. (222)
Dy, = 8,0, + fopA} (22b)

where £ is Lagrangian density (17a), §* and £ are the exterior sources with respect to ghost
field C, and C, respectively.
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Obviously, the expression (22a) is invariant under the following transformation,
c'—e'ct, C'—efCt (23)

where 0 is a parameter, the Jacobian of the transformation (23) is equal to unity. Using
the results (16) of quantal first Noether theorem, one obtains the conserved quantity at the
quantum level

0. = f P, (24a)
JE=C"DrC?, (24b)

Q. are the number of ghosts which implies that the numbers of ghosts are conserved in
quantum theories.

3.1 BRST symmetry

Under the following BRST transformation
SA;’L:—rDZMC”, 3B =0,
Sy =itT*Cy, SV = —ityTeCe, (25)
sct=1rfactce,  8C*=tB*
the change of the effective Lagrangian density is given by
8L =—10"G,,  G,=B"D;,C" (26)

where T are the generators of gauge group, T is a Grassmann parameter, the Jacobian of
the BRST transformation (25) is equal to unity, in this case the quantal conserved currents
j'(9,j" =0) are given by

9L aL aL aL aL
jv :|: eff _ap< eff )]Dgucb'i‘ eff ap(DZMCb)‘f' eff + eff

A, dAY dAY acCe, aéfrv
0Lest 0Let -
+BDYCt + Sy + ——8 27
b 0. Y o7, Y 27

and the quantal BRST conserved quantity is given by

0 :/dzx(PfsA; + QN8BS + T8Y + 8y + R,SC +8CR, + BD°C”)  (28)

where
B = A, (29a)
0 Lefr 0Lt 0Lt
P — 'eft _ 28k< .;:tf ) _ 30 ”eft
0A, A7, 0AY

6'2 . 6‘2 .
—D;D'F0 — DyQ™ — ——D; DoF*™™,  (29b)
T

K
= o0 4 — O A —
4 Vo A4m

@ Springer



Int J Theor Phys (2008) 47: 2285-2296 2293

Bﬁeff 02
r= — DoF™, 30
o) 9ds 7 o F, (30)
7=-iyy’,  w=0,

. 3D
R,=-C, R,=D{C"

This method to derived the quantal conserved quantity here is more convenient than that of
the phase-space path integral of constrained Hamiltonian system [28]. .
If we only consider the change of the fields A%, ¢ and v, fixing the ghost fields C¢, C*

w
and auxiliary fields B“ in the BRST transformation, we have

3A = —tD,‘jMCb,
Sy =itT*Cy, SV = —ityTeCe, (32)
8C*=8C*=8B"=0.
Under the transformation (32), the change of an effective Lagrangian density is given by
8 Letr = Uy (x) + fL(3"CC — B*A)d,6") + B 3%e"] (33)

where £%(x) = tC%(x), and U,(0) do not contain the derivatives of the £%(x). In this case
R? # 0 in (14), one can not be derived the quantal conserved quantities by using the results
(16) of the quantal first Noether theorem but one can use quantal second Noether theorem
[16] to derive another quantal conserved quantities (see (4.8) in Ref. [16])

0»r =/dzx[P,;*(SAg+anB;JrﬁawM&nJrfb‘;(é“cecb—B"Aeocb)+B“C”]. (34)

3.2 Conformal Symmetry

The special conformal group contains a fifteen parameters Lie group, the Poincaré group is
its subgroup, it also include a space-time dilation and space-time inversions. The effective
Lagrangian density (22) is invariant under the translation group, the Jacobian of the transfor-
mation of the field variables is equal to unity, according to expressions (16) one can obtain
the conserved generalized energy-momentum at the quantum level

H= /d%{P;‘AZ + QFAY + 7Y + Y+ RC + R,C — L), (35)
P =/d2x{P;‘aiA;1+an,-Aj;+ﬁa,-&+na,-w+Raa,-c"+1éaa,-éﬂ}. (36)

Under the rotation in (x, x;) plan, the Jacobian of the transformation of the field variables
is also equal to unity, this invariance of the effective Lagrangian density (22) implies there
exist the conserved generalized angular momentum at the quantum level

9AY 9AY d B¢ d B¢
Jo= | &x{ P x,—L —x—£ Pl —2 — x —£ P+ AY
2 / x{ ¢ (xz 0x . 0x2 +Qa(x dxy i 0x2 T Z w!

12
Ay Ay Ay Ay
+ﬁa<x2 v — X1 v >+<x2 v —x1i>ﬂa + Sy

8x1 8)62 8)(1 a)C2
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- aCe aCe aCe aCe
+ R\ xp— —xj— |+ x—— —x1—— |R, (37a)
axl 8)62 axl axZ

where

(Z) = 8pu8ov — 8pv8ops (37b)

po 7 MKV

1
Spw = _[Vp., J/U] (37C)

4
Thus, we see that in non-Abelian higher-derivatives CS theory the quantal conserved gener-
alized energy-momentum and angular momentum differ from the results derived from clas-
sical Noether theorem in that one needs to take into account the corresponding contributions
of ghost fields.

The more inspired feature of the CS theory is that anyonic quantum field theory which
have revealed the occurrence of fractional spin. In the study of anyons at the field-theoretical
level, the Abelian CS theory minimally coupled to the matter fields is usually considered as
the base system, numerous work has been given to investigate for those systems [2, 11].
Development in the direction of the non-Abelian CS theory [26] has not progress as far
as that the Abelian CS theory, and all the considerations are based the Lagrangian of the
system only involving first order derivatives. For non-Abelian higher-derivatives CS theory,
it has been pointed that one needs to take into account the angular momentum contribution
of the ghost fields in (37a), but the CS coefficient ¥ does not appear both in the terms of the
ghost fields and higher-derivatives terms, thus the property of the fractional spin described
by using (37a) is no influence [26]. Consequently, the fractional spin and statistics in non-
Abelian CS theory with a higher-order Lagrangian is also preserved in quantum theories.

It is to check that the effective Lagrangian density (22) is invariant under the Poincaré
group, but it does not has the invariance of the space-time dilation transformation and the
space-time inversion transformation, so the effective Lagrangian density (22) is not invariant
under the conformal group. Although the effective Lagrangian density (22) is not invariant
under the space-time dilation and inversion transformation, there is no corresponding con-
servation laws at the quantum level, but from (14) one can also derive the quantal equations
of transformation properties. The connection between the symmetries and conservation laws
in classical theories are not always preserved in quantum theories.

4 Conclusions and Discussions

The path-integral quantization for the higher-derivatives gauge system is formulated by us-
ing the FP trick in configuration space and an effective Lagrangian in configuration-apace
generating function of the Green function is obtained. Consider the change of an effec-
tive Lagrangian under the global transformation, based on those generating functional, the
quantal equations of the transformation propertied for the higher-derivatives gauge system
have been derived. It follows that the sufficient conditions are given to show that there are
some conservation laws and the expression of the conservation laws for such a system at the
quantum level are also obtained (quantal first Noether theorem). The application of above
results to the higher-derivatives non-Abelian CS theory, the quantal conserved BRST charge
is derived by using quantal first Noether theorem and another quantal conserved charge is
also obtained by using quantal second Noether theorem. The quantal properties of the con-
formal transformation for such a system have been studied, the quantal conserved angular
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momentum is deduced, although one needs to take into account the angular momentum con-
tribution of the ghost fields, the fractional spin in this system is also preserved. The effective
Lagrangian of this system is not invariant under the conformal transformation, the connec-
tion between the symmetries and conservation laws in classical theories are not preserved in
quantum theories for this system.

In this paper we have studied the transformation properties at the quantum level for a
gauge-invariant system with a higher-order Lagrangian in configuration space. The path
integral provide a useful tool, the advantage of the path integral scheme to study the quantal
transformation properties is that we dealt with C-number, not g-number. The phase-space
path integrals are more fundamental than configuration-space path integrals, in certain case
the configuration-space path integral can be obtained by carrying out explicit integration
over the canonical momenta in the phase-space path integral. For a gauge-invariant system
a simpler and more useful method to give its quantization is the FP trick. But for a system if
the FP trick is useless, one must adopt phase-space path integral to quantize such a system.

The CS theory has close relation with the anyonic quantum field theory, the study of
anyons at the Abelian CS gauge field has some progress both in classical [29] and quantal [2,
11, 26] level. The possibility of the occurrence of fractional spin properties for non-Abelian
CS theories was studied mostly at the classical level, whether the conclusion in classical
theory is valid at the quantum level, one needs further to study. The problem of fraction
spin in the higher-derivatives non-Abelian CS theories will be also discussed in detail. The
effective Lagrangian of above higher-derivatives non-Abelian CS model is variant under the
conformal transformation, the research of the quantal equations of the such transformation
properties arising from expressions (14) and to give their applications, one can still proceed
in the same way to study those equations at the quantum level.
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